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 Dual Bipartite Q-polynomial Distance-regular Graphs
 G ARTH A . D ICKIE  AND P AUL M . T ERWILLIGER
 We classify the dual bipartite Q-polynomial distance-regular graphs of diameter  d  >  5 which
 are not bipartite . Results of Curtin and Nomura give a classification of the dual bipartite
 Q-polynomial distance-regular graphs of diameter  d  >  6 which are bipartite . This completes a
 classification of the dual bipartite Q-polynomial distance-regular graphs of diameter  d  >  6 .
 Ö  1996 Academic Press Limited
 1 .  I NTRODUCTION
 Let  G  denote a distance-regular graph with diameter  d  and intersection numbers  p h ij ,
 and recall the abbreviations  k  5  p 0 11 , a i  5  p
 i
 1 i , b i  5  p
 i
 1 ,i 1 1 and  c i  5  p
 i
 1 ,i 2 1 .  A  Q - polynomial
 structure  for  G  is an ordering  E 0  ,  .  .  .  ,  E d  of the primitive idempotents of  G  such that the
 Krein parameters  q h ij  satisfy
 q i 1 j  5  0 ,  u i  2  j u  .  1 ,  (1)
 q i 1 j  ?  0 ,  u i  2  j u  5  1 ,  (2)
 for 0  <  i , j  <  d .  We say that a Q-polynomial structure is  dual bipartite  if the Krein
 parameters satisfy the additional condition
 q i 1 i  5  0 ,  0  <  i  <  d .  (3)
 Our main result is Theorem 1 . 1 :
 T HEOREM 1 . 1 .  Let  G  denote a distance - regular graph with diameter d  >  3  and  y  alency
 k , and suppose  G  is not bipartite . Then  G  has a dual bipartite Q - polynomial structure if f
 b i  5  c d 2 i for  0  <  i  <  d  2  1  and the array  h c 1  ,  .  .  .  ,  c d j  for  G  is one of :
 ( i )  h 1 ,  4 ,  9 ,  .  .  .  ,  d 2 j ;
 ( ii )  h 1 ,  6 ,  15 ,  .  .  .  ,  2 d 2  2  d j ;
 ( iii )  h 1 ,  k  2  a 1  2  1 ,  k j ;
 ( i y  )  h 1 ,  b h  ,  ( b  2  2  1)(2 h  2  b  1  1) ,  b  (2 h  1  2 h b  2  b  2 ) j , where  b  >  3 ,  h  >  3 b  / 4  are inte-
 gers and  h  di y  ides  b  2 ( b  2  2  1) / 2 .
 The arrays  ( i )  and  ( ii )  are uniquely realized by the Johnson graph J ( d ,  2 d )  and the
 half  - cube  1 – 2 H (2 d ,  2) , respecti y  ely . The graphs with array  ( iii )  are the Taylor graphs . We
 know of no examples with array  ( i y  ) .
 We prove Theorem 1 . 1 in Section 3 . We include a result of Nomura [4] and Curtin
 [3] as Theorem 1 . 2 , in order to present a complete classification of the dual bipartite
 Q-polynomial distance-regular graphs of diameter  d  >  6 .
 T HEOREM 1 . 2 (Nomura [4] , Curtin [3]) .  Let  G  denote a distance - regular graph with
 diameter d  >  3  and  y  alency k , and suppose  G  is bipartite . Then  G  has a dual bipartite
 Q - polynomial structure if f b i  5  c d 2 i for  0  <  i  <  d  2  1  and the array  h c 1  ,  .  .  .  ,  c d j  for  G  is
 one of :
 ( i )  h 1 ,  1 ,  .  .  .  ,  1 ,  2 j ;
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 ( ii )  h 1 ,  2 ,  3 ,  .  .  .  ,  k j ;
 ( iii )  h 1 ,  k  2  1 ,  k j ;
 ( i y  )  h 1 ,  2 g  ,  4 g  2  1 ,  4 g  j , where  g  >  1  is an integer ;
 ( y  )  h 1 ,  c ,  k  2  c ,  k  2  1 ,  k j , where k  5  g  ( g  2  1  3 g  1  1) , c  5  g  ( g  1  1) , and  g  >  2  is an
 integer .
 The arrays  ( i ) ,  ( ii )  and  ( iii )  are uniquely realized by the ordinary  2 d - gon , the cube
 H ( d ,  2) , and the complement of K k 1 1  3  K 2  , respecti y  ely . The graphs with array  ( i y  )  are
 the Hadamard graphs of order  4 g . The array  ( y  )  is uniquely realized for  g  5  2  by the
 double co y  er of the Higman  – Sims graph . We know of no examples with  g  >  3 .
 P ROOF .  Curtin shows in [3] that a bipartite distance-regular graph of diameter  d  >  3
 has a dual bipartite Q-polynomial structure if f it is 2-homogeneous . Nomura shows in
 [4] that a bipartite distance-regular graph of diameter  d  >  3 is 2-homogeneous if f
 b i  5  c d 2 i  for 0  <  i  <  d  2  1 and the array  h c 1  ,  .  .  .  ,  c d j  for  G  is one of (i) – (v) .  h
 2 .  P RELIMINARIES
 Throughout , we will write  Z ,  Q  and  R , for the integers , rationals and real numbers ,
 respectively . For  K  any ring ,  K [ x ] will denote the ring of polynomials with coef ficients
 in  K .
 Let  G  5  ( X ,  R ) denote a distance-regular graph with diameter  d ,  vertex set  X  and
 edge set  R .  By the  standard module  for  G  we mean the space of column vectors
 V  5  R X ,  with inner product
 k u ,  y  l  5  u t y  ,  u ,  y  P  V .  (4)
 For each vertex  x  P  X ,  let  xˆ  P  V  denote the vector with a 1 in the  x  coordinate and 0’s
 elsewhere , and observe that  h xˆ  3  x  P  X  j  forms an orthonormal basis for  V .
 Let  A 0  ,  .  .  .  ,  A d  denote the distance matrices for  G , and suppose that  G  has a
 Q-polynomial structure  E 0  ,  .  .  .  ,  E d .  We refer to  E 1 as the  primary idempotent  of the
 structure . The  dual eigen y  alues  of the structure are the scalars  θ  * 0  ,  .  .  .  ,  θ  * d   with
 E 1  5
 1
 u X  u  O
 d
 h 5 0
 θ  * h  A h .  (5)
 It is known that  θ  * 0  ,  .  .  .  ,  θ  * d   are distinct [2 , Theorem 8 . 1 . 1] . Furthermore , for arbitrary
 x ,  y  P  X ,  we have
 k E 1 xˆ  ,  yˆ  l  5
 1
 u X  u
 θ  * h  ,  (6)
 where  h  5  ­ ( x ,  y ) is the distance from  x  to  y .
 L EMMA 2 . 1 (Terwilliger [8]) .  Let  G  5  ( X ,  R )  denote a distance - regular graph with
 diameter d  >  3 , and suppose  G  has a dual biaprtite Q - polynomial structure with dual
 eigen y  alues  θ  * 0  ,  .  .  .  ,  θ  * d  .
 Further suppose  G  is not the cube H ( d ,  2) , the half  - cube  1 – 2 H (2 d ,  2) , the Johnson graph
 J ( d ,  2 d ) , or the Gosset graph .
 Then b i  5  c d 2 i for  0  <  i  <  d  2  1 , and there exist complex numbers q  ?  0  and s with
 q j  ?  1 ,  1  <  j  <  d ,  (7)
 q j  ?  2 1 ,  0  <  j  <  d  2  1 ,  (8)
 sq j  ?  1 ,  2  <  j  <  2 d ,  (9)
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 such that
 a i  5
 ( q 2 i  2  1)( q 2 d  2  q 2 i )( q d  1  q 2 )(1  1  sq d 1 1 )
 ( q  2  1)( q 2 i  1  q d 1 1 )( q 2 i 1 1  1  q d )(1  2  sq 2 d )
 ,  1  <  i  <  d  2  1 ,  (10)
 c i  5
 q 2 i 2 1 ( q d  1  q )( q d  1  q 2 )( q 2 i  2  1)(1  2  sq 2 d 1 2 2 2 i )
 ( q 2  2  1)( q 2 i  1  q d )( q 2 i  1  q d 1 1 )(1  2  sq 2 d )
 ,  1  <  i  <  d  2  1 ,  (11)
 c d  5
 ( q d  2  1)( q d  1  q 2 )(1  2  sq  2 )
 q ( q 2  2  1)(1  2  sq 2 d )
 ,  (12)
 θ  * i  5
 q d ( q 2 i  2  q i 2 d )(1  2  sq 3 )
 ( q  2  1)(1  2  sq d 1 2 )
 ,  0  <  i  <  d .  (13)
 P ROOF .  By the proof of [8 , Theorem 3] and in the notation of [1 , Theorem III . 5 . 1] ,
 G is of type (I) with the restrictions  r 2  5  2 r 1  , r 3  5  q
 2 1 2 d , s  5  r 2 1 and  s *  5  2 q
 2 1 2 d .  This
 gives equations (10) – (13) . The inequalities (7) – (9) are from [9 , Note 2 . 2(iii)] .  h
 D EFINITION 2 . 2 .  Let  G  5  ( X ,  R ) denote a distance-regular graph with diameter  d .
 For arbitrary integers  i , j  with 0  <  i , j  <  d  and arbitrary vertices  x ,  y  P  X ,  define :
 (i)
 D i j ( x ,  y )  5  h w  P  X  3  ­ ( x ,  w )  5  i ,  ­ (  y ,  w )  5  j j .  (14)
 (ii)
 d i j ( x ,  y )  5  O
 w P D i j ( x ,y )
 w ˆ  .  (15)
 L EMMA 2 . 3 (Terwilliger [8]) .  Let  G  5  ( X ,  R )  be as in Lemma  2 . 1 , with primary
 indempotent E . Fix integers i , j with  0  <  i , j  <  d , and distinct  y  ertices x ,  y  P  X with
 ­ ( x ,  y )  <  d  2  1 . Then , setting h  5  ­ ( x ,  y ) :
 ( i )
 0  5 K EV ,  d i j ( x ,  y )  2  p h ij  θ  * j  θ  * h  2  θ  * i  θ  * 0
 θ  * 2 h  2  θ  * 2 0
 xˆ  2  p h ij
 θ  * i  θ  * h  2  θ  * j  θ  * 0
 θ  * 2 h  2  θ  * 2 0
 yˆ L ;  (16)
 ( ii )
 0  5 K EV ,  d i i ( x ,  y )  2  p h ii  θ  * i
 θ  * h  1  θ  * 0
 ( xˆ  1  yˆ  ) L .  (17)
 P ROOF  OF (i) .  By [8 , Theorem 3(ii)] there exist  a  1  ,  a  2  P  R  with
 0  5  k EV ,  d i j ( x ,  y )  2  a  1 xˆ  2  a  2 yˆ  l .  (18)
 In particular ,
 0  5  k Ex ˆ  ,  d i j ( x ,  y )  2  a  1 xˆ  2  a  2 yˆ  l ,  0  5  k Ey ˆ  ,  d i j ( x ,  y )  2  a  1 xˆ  2  a  2 yˆ  l .  (19 ,  20)
 Evaluating (19) and (20) using (6) ,
 0  5  p h ij θ  * i  2  a  1 θ  * 0  2  a  2 θ  * h  ,  0  5  p h ij θ  * j  2  a  1 θ  * h  2  a  2 θ  * 0  .  (21 ,  22)
 Solving (21) and (22) for  a  1 and  a  2  ,  we obtain
 a  1  5  p
 h
 ij
 θ  * j  θ  * h  2  θ  * i  θ  * 0
 θ  * 2 h  2  θ  * 2 0
 ,  a  2  5  p
 h
 ij
 θ  * i  θ  * h  2  θ  * j  θ  * 0
 θ  * 2 h  2  θ  * 2 0
 ,  (23 ,  24)
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 with  θ  * 2 h  2  θ  * 2 0  ?  0 by the assumption  h  ?  d ,  (7) ,  (8) ,  (9) and (13) . Evaluating (18) using
 (23) and (24) , we obtain (16) as desired .  h
 P ROOF  OF (ii) .  Setting  j  5  i  in (16) and simplifying , we obtain (17) .  h
 3 .  P ROOF  OF T HEOREM 1 . 1
 L EMMA 3 . 1 .  Let  G  be as in Lemma  2 . 1 . Then the following are equi y  alent :
 ( i )  G  is not bipartite ;
 ( ii )  sq d 1 1  ?  2 1 ;
 ( iii )  a 1  ?  0 .
 P ROOF  OF (i)  é  (ii) .  If  G  is not bipartite , then  a i  ?  0 for some  i ,  1  <  i  <  d .  By (10) we
 have  sq d 1 1  ?  2 1 .  h
 P ROOF  OF (ii)  é  (iii) .  This is immediate from (7) , (8) and (10) .  h
 P ROOF  OF (iii)  é  (i) .  This is clear .  h
 D EFINITION 3 . 2 .  A graph  G  is said to be  strongly regular  with parameters ( É  ,  k ,  l  ,  m  )
 if  G  has  É  vertices and is regular of degree  k ,  adjacent vertices of  G  have  l  common
 neighbors , and non-adjacent vertices of  G  have  m  common neighbors .
 L EMMA 3 . 2 .  Let  G  5  ( X ,  R )  be as in Lemma  2 . 1 , and suppose that a 1  ?  0 . Define  g  1
 and  g  2  by
 g  1  5  2 1  2
 q d 1 1  1  q 2
 q d  1  q 3
 ,  (25)
 g  2  5  2 1  1
 q d 2 1 ( q d  1  q )(1  2  sq  4 )
 ( q d  1  q 3 )(1  2  sq  2 d )
 .  (26)
 Fix a  y  ertex x  P  X , and let  G 1  denote the induced graph on the  y  ertices adjacent to x in  G .
 Then :
 ( i )  G 1  is strongly regular with parameters  ( k ,  a 1  ,  l  ,  m  ) , for k  5  b 0  5  c d as in  (12) , a 1  as
 in  (10) ,
 l  5  m  1  g  1  1  g  2  ,  (27)
 and
 m  5
 q d ( q 2  2  1)( q  1  1)( q d  1  q 2 )(1  1  sq d 1 1 )
 ( q d  1  q 3 ) 2 (1  2  sq 2 d )
 ;  (28)
 ( ii )  G 1  is connected and is not a clique ;
 ( iii )  the distinct eigen y  alues of  G 1  are a 1  ,  g  1  and  g  2 ;
 ( i y  )  if d  >  4 , then  g  1  ,  g  2  P  Z .
 P ROOF  OF (i) .  Clearly ,  G 1 has  k  vertices and is regular of degree  a 1  .
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 Pick distinct vertices  y ,  z  P  X  with  ­ ( x ,  y )  5  1 ,  ­ ( x ,  z )  5  1 ,  and let  h  5  ­ (  y ,  z ) .  Let
 s  5  s  ( x ,  y ,  z )  denote the number of vertices  w  P  D 1 1 (  y ,  z ) with  ­ ( x ,  w )  5  1 .  Applying
 Lemma 2 . 3(ii) and (6) ,
 0  5 K Ex ˆ  ,  d  1 1 (  y ,  z )  2  p h 11  θ  * 1
 θ  * h  1  θ  * 0
 ( yˆ  1  zˆ  ) L  (29)
 5
 1
 u x u  S θ  * 0  1  s θ  * 1  1  (  p h 11  2  s  2  1) θ  * 2  2  p h 11  2 θ  *
 2
 1
 θ  * h  1  θ  * 0
 D .  (30)
 Solving for  s  ,  we have
 s  5  2
 ( θ  * 0  2  θ  * 2  )( θ  * h  1  θ  * 0  )  1  p h 11 θ  * 2  ( θ  * h  1  θ  * 0  )  2  2 p h 11 θ  * 2 1
 ( θ  * 1  2  θ  * 2  )( θ  * h  1  θ  * 0  )
 .  (31)
 In particular ,  s  5  s  ( x ,  y ,  z ) depends only on  h  5  (  y ,  z ) .  The possible values for  h  are 1
 and 2 ; both occur , since  a 1  ?  0 and  c 2  ?  0 .  We write  s  1 and  s  2 for these constants , and
 observe that  G 1 is strongly regular with parameters ( k ,  a 1  ,  l  ,  m  ) ,  where  l  5  s  1 and
 m  5  s  2  .  Computing  l  and  m  from (31) using (10) , (11) and (13) , we obtain (27) and
 (28) .  h
 P ROOF  OF (ii) .  Observe that  a 1  5  k  2  b 1  2  1  ,  k  2  1 ,  so that  G 1 is not a clique .
 Furthermore , no factor in the numerator of (28) is zero by (7) , (8) and Lemma 3 . 1(ii) ,
 so that  m  ?  0 .  It follows that  G 1 is connected .  h
 P ROOF  OF (iii) .  By (i) , (ii) and [2 , Theorem 1 . 3 . 1] ,  G  has exactly three distinct
 eigenvalues , and these are  a 1 and the roots of the quadratic
 x 2  1  ( m  2  l ) x  1  ( m  2  a 1 )  5  0 .  (32)
 Using (10) and (25) – (28) we may check that  g  1 and  g  2 are roots of (32) . It is easily
 shown that  g  1  ?  g  2  ,  by (8) and (9) . Therefore the distinct eigenvalues of  G 1 are  a 1  ,  g  1
 and  g  2 as desired .  h
 P ROOF  OF (iv) .  Suppose that the eigenvalues of  G 1 are not all integers . Then  G 1 is a
 conference graph , and in particular  a 1  5  2 m  [2 ,  Theorem 1 . 3 . 1] . By (10) and (28) ,
 ( q  1  1)( q d  2  q )( q d  1  q 2 )(1  1  sq d 1 1 )
 q ( q s  1  q 3 )(1  2  sq 2 d )
 5  2
 q d ( q 2  2  1)( q  1  1)( q d  1  q 2 )(1  1  sq d 1 1 )
 ( q d  1  q 3 ) 2 (1  2  sq  2 d )
 .  (33)
 Neither side is zero since  a 1  ?  0 ,  so (33) reduces to
 ( q d  2  q )( q d  1  q 3 )  5  2 q d 1 1 ( q 2  2  1) .  (34)
 Collecting terms and factoring ,
 ( q d  1  q )( q d  2  q 3 )  5  0 .  (35)
 Now either  q d 2 1  5  2 1 or  q d 2 3  5  1 .  Since  d  >  4 ,  this contradicts either (8) or (7) . Thus
 G 1 is not a conference graph , and the eigenvalues of  G 1 are integers as desired .  h
 L EMMA 3 . 4 .  Let  G  be as in Lemma  2 . 1 , and suppose that a 1  ?  0 . Then
 p i 2 ,i 2 1  ?  0 ,  2  <  i  <  d  2  1 .  (36)
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 P ROOF .  Fix  i  with 2  <  i  <  d  2  1 .  By a counting argument [2 , Lemma 4 . 1 . 7] and (10) ,
 p i 2 ,i 2 1  5
 c i
 c 2
 ( a i  1  a i 2 1  2  a 1 )  (37)
 5
 c i ( q
 d  1  q 2 )( q d  1  q )( q 2  1  1)( q 2 i 2 2  2  1)( q 2 i  2  q 2 d )( sq d 1 1  1  1)
 c 2 ( q
 d  1  q 3 )( q  2  1)( q d 1 1  1  q 2 i 2 2 )( q d  1  q 2 i 1 1 )( sq 2 d  2  1)
 .  (38)
 No factor in the numerator of (38) is zero by (7) , (8) and Lemma 3 . 1(ii) , so  p i 2 ,i 2 1  ?  0 as
 desired .  h
 L EMMA 3 . 5 .  Let  G  5  ( X ,  R )  be as in Lemma  2 . 1 , and suppose that a 1  ?  0 . Fix i with
 2  <  i  <  d  2  1 , and let x ,  y ,  z  P  X ha y  e  ­ ( x ,  y )  5  i ,  ­ ( x ,  z )  5  i  2  1 and  ­ (  y ,  z )  5  2 .  ( Such
 x , y , z exist by Lemma  3 . 4 . )  Define L i and H i by
 L i  5  u h w  P  D 1 1 (  y ,  z )  3  ­ ( x ,  w )  5  i  2  1 j u ,  (39)
 H i  5  u h w  P  D 1 1 (  y ,  z )  3  ­ ( x ,  w )  5  i j u .  (40)
 Then :
 ( i )
 c 2  5  L i  1  H i ;  (41)
 ( ii )
 L i  5
 ( q d  1  q )( q d  1  q 2 )( q 2 i 1 1  1  q d )(1  2  sq  2 d 2 2 ) q 3
 ( q d  1  q 3 )( q d  1  q 4 )( q 2 i  1  q d 1 1 )(1  2  sq  2 d )
 ,  (42)
 H i  5
 ( q d  1  q )( a d  1  q 2 )( q 2 i 2 3  1  q d )(1  2  sq 2 d 2 2 ) q 5
 ( q d  1  q 3 )( q d  1  q 4 )( q 2 i  1  q d 1 1 )(1  2  sq 2 d )
 .  (43)
 In particular , L i and H i are constants independent of x , y and z .
 P ROOF  OF (i) .  Observe that
 L i  1  H i  5  u D 1 1 (  y ,  z ) u  (44)
 5  c 2  .  (45)
 h
 P ROOF  OF (ii) .  By Lemma 2 . 3(ii) and (6) ,
 0  5 K Ex ˆ  ,  d  1 1 (  y ,  z )  2  c 2  θ  * 1
 θ  * 2  1  θ  * 0
 ( yˆ  1  zˆ  ) L  (46)
 5
 1
 u x u  S L i θ  * i 2 1  1  H i θ  * i  2  c 2  θ  * 1  ( θ  * i  1  θ  * i 2 1 ) θ  * 2  1  θ  * 0  D .  (47)
 Eliminating  H i  in (47) using (41) and solving for  L i  ,  we obtain
 L i  5  c 2
 θ  * 1  ( θ  * i  1  θ  * i 2 1 )  2  θ  * i  ( θ  * 2  1  θ  * 0  )
 ( θ  * i 2 1  2  θ  * i  )( θ  * 2  1  θ  * 0  )
 .  (48)
 Applying (11) and (13) gives (42) . A similar argument gives (43) .  h
 L EMMA 3 . 6 .  Let  G  be as in Lemma  2 . 1 , and suppose that a 1  ?  0 . Let L i and H i be as
 in Lemma  3 . 5 . Then :
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 ( i )  L i  ?  0 , H i  ?  0 ,  2  <  i  <  d  2  1 ;
 ( ii )  If d  >  4 , then L 2  <  L 3  .
 P ROOF  OF (i) .  Each term in the numerator of (42) and (43) is non-zero by (8) and (9) .
 h
 P ROOF  OF (ii) .  Suppose that  d  >  4 .  Then , by Lemma 3 . 4 , there exist vertices
 x ,  y ,  z  P  X  with  ­ ( x ,  y )  5  3 ,  ­ ( x ,  z )  5  2 and  ­ (  y ,  z )  5  2 .  Since  L 3  ?  0 ,  there exists a
 vertex  u  P  D 1 1 (  y ,  z ) with  ­ ( x ,  u )  5  2 .  Observe that any vertex  w  adjacent to  x  must
 have  ­ (  y ,  w )  >  2 ,  since  ­ ( x ,  y )  5  3 .  Since  u  is adjacent to  y ,  any vertex  w  adjacent to  x
 and to  u  must have  ­ (  y ,  w )  5  2 .  Now
 L 2  5  u h w  P  D 1 1 ( x ,  z )  3  ­ ( u ,  w )  5  1 j u  (49)
 <  u h w  P  D 1 1 ( x ,  z )  3  ­ (  y ,  w )  5  2 j  i  (50)
 5  L 3  ,  (51)
 as desired .  h
 L EMMA 3 . 7 .  Let  G  be as in Lemma  2 . 1 , and suppose that a 1  ?  0  and d  >  4 . Let
 b  5  q  1  q 2 1 . Then :
 ( i )  b  2 L 2 H 3  5  c
 2
 2 , where L 2  and H 3  are as in Lemma  3 . 5 ;
 ( ii )  b  2  P  Q ;
 ( iii )  b  2  .  4 ;
 ( i y  )  q  P  R .
 P ROOF  OF (i) .  Compute  b  2 L 2 H 3 using (42) and (43) , and  c 2 2 using (11) . The
 expressions obtained are equal .  h
 P ROOF  OF (ii) .  b  2 is rational by (i) , since  c 2  , L 2 and  H 3 are integers and  c 2  ?  0 .  h
 P ROOF  OF (iii) .  By (i) , (41) and Lemma 3 . 6(ii) ,
 b  2  5
 c  2 2
 L 2 H 3
 (52)
 5
 c 2 2
 L 2 ( c 2  2  L 3 )
 (53)
 >
 c 2 2
 L 2 ( c 2  2  L 2 )
 (54)
 >  4 .  (55)
 If  b  2  5  4 ,  then  q  5  Ú 1 ,  contradicting (7) or (8) . Thus  b  2  .  4 ,  as desired .  h
 P ROOF  OF (iv) .  Solving  b  5  q  1  q 2 1 for  q  we find  q  P  R  by (iii) .  h
 L EMMA 3 . 8 .  Let  G  be as in Lemma  2 . 1 , and suppose that a 1  ?  0  and d  >  4 . Let
 b  5  q  1  q 2 1 , and define
 χ  5  q
 d 1 1  1  q 2
 q d  1  q 3
 .  (56)
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 Then :
 ( i )  χ  P  Z ;
 ( ii )  b  P  Z ;
 ( iii )  d  5  4 .
 P ROOF  OF (i) .  Let  g  1 be as in (25) . Then  χ  5  2 1  2  g  1  ,  and  χ  is an integer by Lemma
 3 . 3(iv) .  h
 P ROOF  OF (ii) .  We split the proof into two cases , according to whether  d  is odd or
 even . In each case we show that  b  is an integer by finding that  b  is an algebraic integer
 and that  b  is rational .
 Case d odd .  Let  m  5  ( d  2  1) / 2 ,  and observe  m  >  1 .  By (56) ,
 χ  5  q
 m  1  q 2 m
 q m 2 1  1  q 1 2 m
 .  (57)
 Define polynomials  T 0  ,  T 1  ,  .  .  .  in the indeterminant  x  by
 T 0  5  2 ,  T 1  5  x ,  T i 1 1  5  xT i  2  T i 2 1 .  (58)
 Easy induction arguments show that , for  i  >  0 ,
 T i  P  Z [ x ] ,  (59)
 T i  is  monic  of  degree  i ,  (60)
 T i ( 2 x )  5  ( 2 1)
 i T i ( x ) ,  (61)
 T i ( b  )  5  q
 i  1  q 2 i .  (62)
 Furthermore , by (8) and (62) ,
 T i ( b  )  ?  0 ,  0  <  i  <  m .  (63)
 By (57) and (62) ,
 T m ( b  )  2  χ T m 2 1 ( b  )  5  0 .  (64)
 Now  b  is an algebraic integer by (59) , (60) and (i) . It remains to be shown that  b  is
 rational .
 By (59) , (61) , there exist polynomials  T  9 i   with
 T  9 i  ( x )  P  Z [ X  ] ,  (65)
 T i ( x )  5 H  T  9 i  ( x  2 ) , xT  9 i  ( x 2 ) ,
 i  even ,
 i  odd .
 (66)
 If  m  is odd , then evaluating (64) using (66) ,
 b T  9 m ( b
 2 )  2  χ T  9 m 2 1 ( b  2 )  5  0 .  (67)
 Observe that  b T  9 m ( b
 2 )  5  T m ( b  )  ?  0 by (66) and (63) , and that
 b  5
 χ T  9 m 2 1 ( b  2 )
 T  9 m ( b
 2 )
 .  (68)
 Now  b  P  Q  by (i) , (65) and Lemma 3 . 7(ii) .
 If  m  is even , then evaluating (64) using (66) ,
 T  9 m ( b
 2 )  2  χ b T  9 m 2 1 ( b  2 )  5  0 .  (69)
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 Here  T  9 m ( b
 2 )  5  T m ( b  )  ?  0 by (66) and (63) , so  χ T  9 m 2 1 ( b  2 )  ?  0 by (69) , and
 b  5
 T  9 m ( b
 2 )
 χ T  9 m 2 1 ( b  2 )
 .  (70)
 Now  b  P  Q  by (i) , (65) and Lemma 3 . 7(ii) .
 Case d e y  en .  The argument is similar . Let  n  5  d  / 2 ,  and observe  n  >  2 .  By (56) ,
 χ  5  ( q
 n  2  q 2 n )  2  ( q n 2 1  2  q 1 2 n )
 ( q n 2 1  2  q 1 2 n )  2  ( q n 2 2  2  q 2 2 n )
 .  (71)
 Define polynomials  U 2 1 ,  U 0  ,  .  .  .  in the indeterminant  x  by
 U 2 1  5  0 ,  U 0  5  1 ,  U i 1 1  5  xU i  2  U i 2 1 .  (72)
 Easy induction arguments show that , for  i  >  2 1 ,
 U i  P  Z [ x ] ,  (73)
 U i  is  monic  of  degree  i ,  (74)
 U i ( 2 x )  5  ( 2 1)
 i U i ( x ) ,  (75)
 U i ( b  )  5
 q i 1 1  2  q 2 i 2 1
 q  2  q 2 1
 .  (76)
 Furthermore , by (7) and (76) ,
 U i ( b  )  ?  0 ,  0  <  i  <  n  2  1 .  (77)
 By (71) and (76) ,
 U n 2 1 ( b  )  2  ( χ  1  1) U n 2 2 ( b  )  1  χ U n 2 3 ( b  )  5  0 .  (78)
 Now  b  is an algebraic integer by (73) , (74) and (i) . It remains to be shown that  b  is
 rational .
 By (73) and (75) , there exist polynomials  U 9 i   with
 U 9 1 ( x )  P  Z [ x ] ,  (79)
 U i ( x )  5 H  U 9 i ( x  2 ) , xU 9 i ( x  2 ) ,
 i  even ,
 i  odd .
 (80)
 If  n  is odd , then evaluating (78) using (80) ,
 U 9 n 2 1 ( b
 2 )  2  ( χ  1  1) b U 9 n 2 2 ( b  2 )  1  χ U 9 n 2 3 ( b  2 )  5  0 .  (81)
 Observe that  χ  1  1  ?  0 ; otherwise , by (56) , we have
 0  5
 q d 1 1  1  q 2
 q d  1  q 3
 1  1  (82)
 5
 ( q d  1  q 2 )( q  1  1)
 q d  1  q 3
 ,  (83)
 contradicting (8) . Furthermore  b U 9 n 2 2 ( b  2 )  5  U n 2 2 ( b  )  ?  0 by (80) and (77) . Now , by
 (81) ,
 b  5
 U 9 n 2 1 ( b
 2 )  1  χ U 9 n 2 3 ( b  2 )
 ( χ  1  1) U 9 n 2 2 ( b  2 )
 ,  (84)
 and  b  P  Q  by (i) , (79) and Lemma 3 . 7(ii) .
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 If  n  is even , then evaluating (78) using (80) ,
 b U 9 n 2 1 ( b
 2 )  2  ( χ  1  1) U 9 n 2 2 ( b  2 )  1  χ b U 9 n 2 3 ( b  2 )  5  0  (85)
 Again ,  χ  1  1  ?  0 ,  and  U 9 n 2 2 ( b  2 )  5  U n 2 2 ( b  )  ?  0 by (80) and (77) . This gives  U 9 n 2 1 ( b  2 )  1
 χ U 9 n 2 3 ( b  2 )  ?  0  by (85) , and
 b  5
 ( χ  1  1) U 9 n 2 2 ( b  2 )
 U 9 n 2 1 ( b
 2 )  1  χ U 9 n 2 3 ( b  2 )
 .  (86)
 Now  b  P  Q  by (i) , (79) and Lemma 3 . 7(ii) .  h
 P ROOF  OF (iii) .  Observe , by (56) , that
 b  2  χ  5  q
 d 2 1  1  q 4
 q d  1  q 3
 ,  (87)
 and note that  q  P  R ,  by Lemma 3 . 7(iv) . Suppose , for a contradiction , that  d  >  5 .
 Observe that the right-hand side of (87) is unchanged when  q  is replaced by  q 2 1 ,  so
 that we may assume that  u q u  .  1 .  We show that  u b  2  χ  u  ,  1 .  Suppose for a contradiction
 that  u b  2  χ  u  >  1 .  Then
 1  <  ( b  2  χ  ) 2  (88)
 5
 ( q d 2 1  1  q 4 ) 2
 ( q d  1  d 3 ) 2
 .  (89)
 Collecting terms and factoring ,
 0  >  ( q 2  2  1)( q 2 d 2 2  2  q 6 ) .  (90)
 Each of the terms on the right-hand side of (90) is positive by (7) ,  d  >  5 ,  and  u q u  .  1 .
 This gives a contradiction , so  u b  2  χ  u  ,  1 . Now  b  2  χ  5  0 by (i) and (ii) , and  q d 2 5  5  2 1
 by (87) . This contradicts (8) , so  d  5  4 as desired . (We are grateful to the reviewer for
 this improved argument . )  h
 N OTE 3 . 9 .  The polynomials  T j  and  U j  of (58) and (72) are essentially the Tchebichev
 polynomials of the first and second kind [5 , p . 3] .
 P ROOF  OF T HEOREM 1 . 1 .  Let  G  denote a distance-regular graph with diameter  d  >  3
 which is not bipartite . We first show that if  G  has a dual bipartite Q-polynomial
 structure , then the array  h c 1  ,  .  .  .  ,  c d j  must be among (i) , (ii) , (iii) and (iv) .
 Suppose that  G  does not have one of the arrays (i) , (ii) and (iii) . Then  G  is not the
 Johnson graph  J ( d ,  2 d ) ,  the half cube  1 – 2 H (2 d ,  2) ,  or the Gosset graph (which has array
 (iii) with  k  5  27 , a 1  5  16) .  Since  G  is not bipartite ,  G  is not the cube  H ( d ,  2) .  Now
 Lemma 2 . 1 applies . In particular ,  b i  5  c d 2 i  for 0  <  i  <  d  2  1 .  If  d  5  3 ,  then the
 restrictions  c 2  5  b 1  5  k  2  a 1  2  1 , c 3  5  b 0  5  k  give  G  array (iii) , so we may assume that
 d  >  4 .  Furthermore , by Lemma 3 . 1 , we have  a 1  ?  0 .
 Let  b  5  q  1  q 2 1 .  By Lemma 3 . 8 , we have  b  P  Z  and  d  5  4 .  Setting  h  5  L 2  ,  we
 compute from (11) , (12) and (42) that  G  has array (iv) . Recall that  h  5  L 2  .  0 by
 Lemma 3 . 6 and  c 2  5  b h  ,  so that  b  .  0 .  By Lemma 3 . 7(iii) we have  b  2  .  4 ,  so that
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 b  .  2 ; by  b  P  Z ,  we have  b  >  3 .  We may calculate from (27) and (42) that  l  5  4 h  2  3 b  ,
 so that by  l  >  0 we have  h  >  3 b  / 4 .  Finally , we compute from the intersection array
 using the formulas of [2 , Section 4 . 1] that the eigenvalues of  G  are  k , k  / b  , a 2 / b  2 ,  2 b
 and  2 b  2 ,  with the multiplicity  f  of  k  / b  given by
 f  5  2
 b  ( b  3  2  2 h b  2  2  2 h b  2  b  1  2 h  )
 2 h
 .  (91)
 From  f  P  Z  we conclude that  h  divides  b  2 ( b  2  2  1) / 2 ,  as desired .
 We show that if  G  has one of the intersection arrays (i) , (ii) , (iii) and (iv) , then  G  has
 a dual bipartite Q-polynomial structure . The arrays (i) and (ii) are uniquely realized by
 the Johnson graph  J ( d ,  2 d ) and the half cube  1 – 2 H (2 d ,  2) respectively [6 ,  7] . The graphs
 with array (iii) are the Taylor graphs [2 , p . 431] . All of these graphs are well known to
 have dual bipartite Q-polynomial structures . The graphs with array (iv) have a dual
 bipartite Q-polynomial structure by computation of the Krein parameters , using the
 formulas of [2 , Section 4 . 1] .  h
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